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ON THE RELATIONS OF ATMOSPHERIC PRESSURE, TEMPERATURE, AND DENSITY TO ALTITUDE.

By Hersert H. KimsaLr, Professor of Meteorology.

[Dated: Weather Bureau, Washington, Apr. 22, 1919.]

The relations of atmospheric pressure, temperature,
and density to altitude are of importance to aviators and
to aeronautical engineers, in order that laboratory tests
may be correlated with perforinance under flight condi-
tions. As a basis for these relations, the meteorologist

dav, and from hour to hour of the same day, especially
below an altitude of about 3,000 meters (10,000 feet), so
that the actual relations at any time rarely or never cor-

.respond to the average conditions. For this reason

engineers generally prefer to employ simpler expressions
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Fia. 1.—Temperature-altitude and pressure-altitude curves. (A plus sign should follow ¢ in the equation above.)

has to offer the average free air atmospheric tempera-
ture, pressure, and humidity as determined by means of
recording instruments carried to the desired altitudes by
kites or balloons, and the hypsometric formula, which
latter represents with great accuracy the variation of
ressure with height when we know the temperature and
umidity variations.
Unfortunately, observations show that the relations
of temperature and humidity to height vary from day to

for the relations of air temperature and pressure to height
than are given by observations and the hypsometric for-
mula, respectiv:év. For the temperature-altitude rela-
tion they generally }E}'ei'er a straight-line relation, as, for
example, a fall of 1° F. per 300 feet increase in elevation;
and in the equation expressing the pressure-altitude rela-
tion the humidity term is often omitted.

1t is possible to select a straight-line temperature-alti-
tude relation that will approximate actual relations up to
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a height of about 10,000 meters (30,000 to 40,000 feet).
Above this height, however, as the lower limit of the
stratosphere is approached, the decrease in temperature
with increase in aftitude becomes rapidly less, so that a
straight-line relation that applies in the lower layers of
the troposphere will here give temperatures too low by
an amount that increases rapidly with altitude. There-
fore, it must be understood that these simplified equa-
tions can be employed to express atmospheric tempera-
ture, pressure, and density relations to height, only up to
the altitude given above.

Table 1, in metric measures, and Table 2, in English
measures, give atmospheric temperatures and densities
at different heights under approximately average condi-
tions for the east-central part of the United States. The
assumed sea-level pressure, B,, temperature, f,, and
vapor pressure e, are, respectively, B, =760 mm.
(29.92 in.), t,=15°C, (59° F.}, and ¢,=9.1 mm. (0.36 in.),
and the assumed vertical distribution of temperature
and water vapor corresponds to the annual means given
by Gregg,' and reproduced in figure 1. This vertical
distribution of temperature is also in close agreement
with that given by Humphreys ? for the warm part of
the year. The hypsometric formula employed in com-
puting the air pressure, B, is given in the figure, and in
the heading of each table.

For 6, the mean temperature of the air column ob-
tained by means of the equation that follows has been
employed:

A2 24 ... 2

0 2n

where f,, ¢, t,, . . . . . ly—y, t,, represent the tempera-
tures from the bottom to the top of the air column ob-
served at equal intervals of height, as 500 meters or 1,000
feet. Actually, the temperature should be obtained by
taking the harmonic mean of the temperature with re-
spect to altitude, thus:

2 1 2 2 2 1
_T—T(;+TI+T;+ e e e e s +Tn_—_1+—T1:

where T=0+273°C., or 6+459.4° F., and T,=1,, T, =t,
etc. expressed in degrees on the Absolute scale. Unless
the temperatures cover a wide range, however, the in-
creased accuracy of the result obtained from the use of the
harmonic mean in place of the arithmetical mean does not
compensate for the additional labor involved, and especi-
ally when we are dealing with approximate mean values

only.

'l}ile equation for computing the atmospheric density,
p, which is also given in the headings of Tables 1 and 2,
gives for the average surface density 1.220 kilograms per
cubic meter, as compared with 1.293 kilograms per cubic
meter for dry air at tempearture 0° C. under 760 milli-
meters pressure, which is universally accepted as standard
air density.

! Gregg, Willis R. Mean valnes of free-air barometric and vapor pressures, tempera-
txlgzi'gs,‘:lﬁ g;anslties over the United States. MONTHLY WEATHER REVIEW, January,

2 ﬁun'lphre'ys, ‘W. J. Temperatures, pressures, and densities of the atmosphere at
various levelsin theregion of northeastern France. This REVIEW, p. 159, fig. 1.
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TABLE 1.—dverane air temperatures and densities at different altitudes.!
Metric measures.,

Zz
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184001 140.00387\ 0+ 5 55367

Log. B=T.og. By—

o —ilonsity — F_’..‘L;;”_T'_"f-.;u.:;:ﬂ.'r.!l: standard Jensitv=1,293 kg.feu. m.
Atmospheric density.
" " Tenipera- Vapor
Altitude. Pressure, tare, pressure. Per cent Per cent
standard. surface.
Meters. mm,
. 0 9. 10 94. 4
at) .3 7.54 X2 8
1.000 6 6. 29 R4
2,000 .1 3.50 TN
3000 .1 2.19 69,3
4,000 | Ni} 1.20 625
a0 AT 0.65 LU
G | 0 0.40 50.8
T 4 0. 25 45. 4
S, 000 1 0. 14 40, 8 $i.0
9,000 7 0.07 36.2 3% 4
1.0 | 204, 2 4 0. (4 321 440

FComputed {or seadevel pressure 760 millimeters, and sea-level tempwrature 15,

TavrLe 2.—Average air lnnﬁermurm und densities at different altitudes,!
Snglish measures.
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Loz, R=log. Bp—

. R--0.4750
p=Jensity = T 6124 T=459.44(; slandard densitye=1.203 kg./cu. m.
I Atmospherlc density.
A5 - Tempera- Vapor
Altitude. Pressure, tare. pressure. Per cent Per cent
standard. surface,
Feet, Inches,

0 1.6 a4 4 1.0
1,004 .42 91.6 97.1
2,630 R 88,9 94,2
3.AH0) o £6.2 01.4
4,000 &n 83.6 886
5,00 19 80.9 85.8
6,000 .18 754 S3.1
7.000 14 75.9 80, 4
N, U000 2 73.5 7.9
Q.00 L1 L3 5.5
1,000 . 088 69. 1 73.2
11,000 27.9 072 66.9 70.9
12,000 M6 . 060 648 8T
13,000 21.3 Qa0 628 66.6
14,000 .8 .45 508 64.5
15,0001 14.2 40 58.9 824
16,0 10. K 035 A7.1 60.5
17.000 7.4 w30 55.3 58,6
IN.N0N 40 025 83.5 56.7
16,000 0.4 020 5.8 5.9
20,700 — 3.4 017 50,1 53.1
- 7.2 (4] 48,5 a4
~11.0 013 47.0 49.8
—14.8 a10 45. 4 481
24,000 —1%. 4 008 43.9 46,5
25,100 =220 o7 42.4 5.0
26,000 —25.6 6 41.0 43.5
27.0:0 —29.2 ond 30.6 42,0
2%, U0 —32.6 N 3%.2 0.5
29,000 —36.0 .03 a6.9 J39. 1
30, 000 —30.2 Lon2 354 4.7

1 Computed for sea-level pressure 20.92 inches, and sea-level tempurature 59 °F. (15°C.),



158

It is of interest to compare the data of Tables 1 and 2
with those obtained by use of the simpler equations some-
times employed.

If we assume the same sea-level conditions as above,
but disregard the term containing ¢ in computing the
density, we obtain p=1.226 kg. per cubic meter, or about
0.5 per cent too high.

Again, if we assume the vertical temperature gradient
to be 1° F. per 300 feet, we obtain for an altitude of
30,000 feet, £=59°—100°= —41° F., which is only 1.8°
F. lower than the value given in Table 2. At 10,000
feet, however, we obtain t=59°—33.3°=25.7° F., which
is 5.5° F. lower than the value given in Table 2.

Johnson ® has shown that the following assumed simple
relations of air pressure, temperature, and density to
height, give reasonably accurate results.

rom the well-known Charles’s law we have

P—vt— = PpY = R = constant;

R\
»-(p)"

P\W . .
W=1 /v=(R> =weight per unit volume.

Let B-W=e,
Then W=cP¥W __ __ o e 2.1

from which ¢ ma.y be computed *.
We may also write

—dP =cPVdhL
or

~Pu=egp

. y oyl
Integrating, — g1 Pv = ch + constant,

-] —
and Py_v— =constant — y—y—lch.

When h=0,

Therefore Py::Tl=Poy;l—y;—lch S ) |

.
y~1 y—1

Also, RT=P17=5L—T~—; and T°=CPR°T

Combining this last equation with (2), we obtain

P.,'%‘—'-‘%‘ch
T=——g

i

Y

3; {3?.’"3”1‘55“ Atmospheric conditions affecting power. Aerial Age Weekly, Mar.
i Lot Pym2116.2 pounds per square foot, ty=59° F., and y=1.20. Then Wgm0.07651
pounds per cubie foot, and c= WPy~ 1'-2==0.00012955.
$ R Py - 2116.2
Wo Ty 0.07651X518.4

=53.354.
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Assuming y=1.20
Equation (1) becomes W= P12
Equation (2) becomes PV6=P 6 — %

= P,V¢—0.0000316% (P,in pounds per cubic foot, & in feet).

For temperatures, ¢, in Fahrenheit degrees, equation
(3) becomes t=1¢,— B% ={,—0.003124% (h in feet).

TABLE 3.—Awverage air tamﬁralty;es and densities at different altitudes.
glish meu. .5

ocaa

P116= Pgtis— ﬂ'; (= 10—6—"—

: Departure
Height. Pressure. Density.  [Temperature. t;%';ggﬁ“
* temperature.
Inches of Poundz per
Feel. nercury. cubic foot. Per cent. °F. °F
0 29.92 2,116 100.0 59.0 +0.0
1,000 2.5 | 2,041 97.0 55.9 -0.1
2,000 27. 82 1,968 941 52.8 ~0.1
3,000 26. 52 1,587 1.3 49.6 -0.2
4,000 25.85 1,828 885 46.5 ~0.8
5,000 24,90 1,761 &.8 43.4 -~L5
6,000 23.99 1,607 53,2 40.3 ~2.2
7,000 2.10 1,634 80.6 37.1 -2.9
3000 22,24 1,573 751 34.0 -3.3
9,000 21.41 1,514 75.6 30.9 -3.4
10, 000 0. 60 1,457 73.3 27.8 ~3.4
11,000 19, 82 1,402 7.0 2.6 ~3.3
12,000 19. 07 1,349 68.7 2.5 ~3.1
13,000 18,34 1,207 66.5 18.4 ~2.9
14,000 17.63 1,247 64.3 15.3 ~25
15,000 16.94 1,198 62.2 12,1 ~-2.1
16,000 16,98 1,151 60.2 9.0 ~1.8
17,000 15. 64 , 108 58.2 59 -Lb
8,000 15. 02 1,082 5.3 + 2.8 ~1.2
19,000 14. 42 1,020 54. 4 — 0.4 —0.8
20,000 13.84 979 52.6 - 3.5 ~0.1
21,000 13,28 939 50.8§ — 6.6 +0.6
, 000 12.74 901 40.1 - 9.7 +1.3
23,000 12,22 864 47.4 —12.9 +1.9
24,000 11.72 829 45. 8 —18.0 +2.4
25,000 11.23 794 442 —19.1 +2.9
26,000 10.76 761 42,6 —22.2 +3.4
27,000 10.31 729 41.1 —25.3 +3.9
28, 000 9. 87 698 39.7 —28.5 +4.1
5 9.45 668 38.3 —31.8 +4.4
30,000 9.04 639 36.9 -34.7 +4.5
36,000 |..oneceaniieccfienniiiniaiaed|ieiaiiannae.s -56.5 +2.7
40,000 |eueeenvecninec|eanmrnrnrnenee|enmnaieaanaes —66.0 —6.2

Table 3 gives the pressure in inches of mercury and
pounds per square foot, (the latter computed from
equation (2), and then converted into inches of mercury);
the temperature in degrees F, computed from equation
((13); and the resulting density, in percentages of surface

ensity.

Con{p&rison with Table 2 shows a maximum difference
in (Pressures of 0.6 per cent at a height of 22,000 feet, and
a difference of 0.9 per cent in the densities at altitudes of
26,000 and 27,000 feet. The temperatures are too low
up to 20,000 feet, with a maximum difference of 3.4°
at 9,000 and 10,000 feet, and are too high between about
20,000 and 38,000 feet. Above this latter elevation
equation (3) does not apply. _

A slight change in v, and a vesulting change in ¢, will
adapt equations (2) and (3) to any desired vertical tem-
perature gradient. Thus, y=1.19 corresponds very
closely to a gradient of 3°F. per 1,000 feet; and y=1.21,
very closely to a gradient of 1°F. per 300 feet.



